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ABSTRACT 



In the warped compactification with a single Randall-Sundrum brane, a puzzling claim has 
been made that scalar fields can be bound to the brane but their Hodge dual higher-rank anti- 
symmetric tensors cannot. By explicitly requiring the Hodge duality, a prescription to resolve 
this puzzle was recently proposed by Duff and Liu. In this note, we implement the Hodge 
duality via path integral formulation in the presence of the background gravity fields of warped 
compactifications. It is shown that the prescription of Duff and Liu can be naturally understood 
within this framework. 
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The warped space-time geometry of Randall-Sundrum brane world in {d + 1) -dimensions, 
whose world-volume is (i-dimensional, is described by the following metric: 

rfs2 _ gj^^j^dX^UX^ = exp{-2k\z\)gf,^{x^')dxf'dx'' + dz^ . (1) 

The coordinates of the bulk space-time will be denoted as X*^, the coordinates parallel to the 
brane, x'^, and the direction perpendicular to the brane will be parametrized by the coordinate 
z. The brane is assumed to be located at z = 0. In the brane world scenario with two branes 
[|l]], a natural geometric framework to deal with the gauge hierarchy problem emerges as a 
consequence of the the exponential warp factor in (|T]). After a wave-function renormalization, 
it produces an extremely tiny number wiEw/^Pianck ~ 10^^^ when the distance between the 
branes is about 40 times the Planck scale. The warp factor in the Jacobian ^/'^det^MN al- 
lows normalizable gravitational zero modes localized on a single brane when the range of z is 
extended to 2; = cxd [Q] . 

All these attractive features are due to the exponential suppression in the large z region 
coming from the covariant metric components Qmn- An opposite situation, however, might 
result when the contravariant metric components g^^^ are involved in the classical action. A 
particularly intriguing case involves the anti-symmetric tensor fields of various ranks and their 
Hodge duals. Since the classical action integral over the z direction is finite, a scalar field 
can be bound to the brane. Higher rank anti- symmetric tensor fields that are Hodge dual to 
scalars cannot however be bound to the brane, since the similar integral diverges due to the 
large number of contravariant metric components needed to contract the field strengths [^, 0. 
To resolve this apparent violation of the Hodge duality, a proposal for a proper Kaluza-Klein 
prescription was suggested by Duff and Liu [|^]. They found an appropriate Kaluza-Klein ansatz 
for higher rank anti-symmetric tensor fields, which explicitly satisfies the Hodge duality at the 
classical level. In the case of conventional (curved) space-time examples, a fool-proof and 
straightforward approach to implement the Hodge duality is to formulate it in terms of path 
integrals [p. In the same spirit, we implement the Hodge duality in the warped background 
geometry described by (|l]) via the path integral formalism. We find that the prescription of 
can be naturally obtained in this fashion. 

The standard diffeomorphism invariant action for the p-form anti-symmetric tensor gauge 
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field i(X^O = A[p]{x^',z) isQ 



2{p+l)\ I ^y-9[9 ■■■9 ^ ^Ah-Mp+^-tN^-Np+i 



(2) 



To find a sensible Kaluza-Klein ansatz, we consider the solutions to the parts of equations of 
motion 

d. y^grr'""' ■ ■■^^''^F^y,^...,^^ = , (3) 

which should be satisfied for the Kaluza-Klein zero modes. Two consistent solutions to @ have 
been discussed in Refs. [|], 0, |^]. To be specific, an ansatz is a zero-mode solution 



and plugging it into (0) along with the background metric produces the action 
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The other ansatz is another consistent zero mode solution 
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J (x'^, z) = exp 



-2k(p-^)k\z\ 



(6) 



which leads to 



2{p 



J dzexp -2k 
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X I d'xy^ ((7^^^^ ■ ■■g^^''^F,,,...^^F^,,...,^ 



(7) 



upon following the same procedure. The factors containing the z-integral in @ and (0) are 
effectively the inverse coupling squared, l/e^fj, in the c/-dimensional brane theory. The integral 
in @ is convergent only for low values of p's that satisfy 

d-2 



p < 



(8) 



Therefore the bulk action is sensible as the brane action only for the p-form gauge fields sat- 
isfying the condition (||). Otherwise the effective coupling Ccs vanishes and the gauge dynamics 



^The material in this paragraph is based on our understanding of the discussions with Hyung Do Kim. 
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on the brane appears to be decoupled. Under the condition the ^-integral in the action ([7]) 
diverges, making it problematic. For the higher p-form gauge fields with 



p>d/2, (9) 

the situation for each ansatz reverses itself. While the 2;-integral in the action (|5|) diverges, the 
z-integral in the other action converges. For the marginal cases which do not satisfy (|]) 
and (^, such as p = {d — 2)/2 and p = d/2 for even d, the divergence coming from the z- 
integral is linear in the cutoff Zq, which translates to the logarithmic divergence logpo in terms 
of the momentum cutoff po of the d-dimensional brane theory. In [0], this was interpreted as the 
quantum charge screening effect in the brane theory (see however [|^]). In this paper, we will 
not consider these marginal cases. 

This aspect appears rather puzzling if we use the ansatz (Q) for all values of p; the Hodge 
duality in the bulk space-time relates the bulk p-form gauge field with a p'-form gauge field 
satisfying 

p' = d-p~l . (10) 

When viewed from its Hodge dual side, the p > d/2 case should present no problem. Given 
this situation, the prescription of Duff and Liu [|]] is that one should use the ansatz @ for 
the p-form fields for p > d/2. In what follows, we derive the action for the p-form gauge 
field with p > d/2 from the action (||) of the p-form gauge field with p < (c? — 2)/2 by 
implementing the Hodge duality in the path integral formalism [^. We find that this analysis 
precisely reproduces the prescription given by Duff and Liu [^, which states that the ansatz (^) 
is relevant for p < (d — 2)/2 and the ansatz (|^) should be used for for p > d/2. 

The partition function for the brane world system includes the following factor among oth- 
ers: 

/ n ^^^h(^) exp(^^^) = / n '^Ap]i^) exp f d^+'XFiAjjFj) , (11) 

.X>0 v-^n \ Z, J J 



.X>0 



where 

^^^^\/^^"^" ■ ■■r^^''''^'F,,...,^^,F,,...,^^, = hjAjjFj . (12) 

Each index / collectively denotes the (p+ 1) -distinctive directions chosen from the d space-time 
directions parallel to the brane: / = {/if, ■ ■ ■ , /ip+i}. The matrix Ajj can thus be written as 

Aij = .P~gg>^i>^(---g^U^'^'r+^. (13) 
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The set {Fj\ all /} has D = dCp+i elements. The underlying bulk space-time geometry in the 
brane world setup is invariant under the transformation, whose action on 2 is 2; ^ —z, and 
the fixed points at z = correspond to the 'world brane'. Accordingly, the path integral in ( pTj ) 
is over the space-time points X whose z-value is larger than zero with an understanding that 
the fluctuations of fields at X{—z) are the 'mirror images' of the fluctuations at the point X(2;). 
For the gauge fields which do not have the nonzero component along the z-direction, the zero 
mode part of d"^ is a constant over the whole range of the space R^'"^^^ x R, as shown in the 
standard Kaluza-Klein ansatz y4^^...^j^(x^, z) = ^^^...^^(a;^). 

The Hodge duality is implemented at the level of the path integral by replacing the expo- 
nential function appearing in ( pTj ) via an identity 



exp 



J d^+'XFjAjjFj] = J 



n [det AjjiX)]-'l[VFjiX) 



.x>o 



(14) 



X exp 



'-jd''+^XFi{A-^)ijFj + i I d'^+'XFjFi 



up to an overall numerical factor that we neglect from here on. The symbol nx>o again signifies 
the fact that the functional integral is over the bulk space-time points X on R^ '^^ x R+, 
namely, the points X whose z coordinates satisfy 2; > 0. The rationale behind this choice 
becomes clearer when we consider the zero modes of the Hodge dual fields. When the Kaluza- 
Klein ansatz for the original gauge field is of the form in (^, its non- vanishing Hodge dual field 
strength F necessarily involves the 2;-direction, or in other words, the components F 7^ 0, 
where p' = d—p—1. Assuming their intrinsic parity under ^2 isevenQ, the components F^^ ...^^, 2 
transform to —F^^...^^,z under the ^2 transformation z —z. The components F^j...^^,z thus 
contain the factor sgn(z); due to the discontinuity at 2 = 0, the components F^-^...^^,^ are 
regular only in R^ *^^^ x R^. Under our prescription, however, the path integral is only over 
the space-time region where the dual gauge fields are well-defined (regular), leading to (p^. 
The consequence of this prescription is that the power of det Ajj{X) in (|T^ is —1, unlike the 
case when the domain of the functional integration is over the whole simple covering space 
X which would lead to -1/2 in 
The number of independent components of F/ is dCp' = dCd-p-i = dCp+i = D, which 
is the same number as the independent components of Fj. By a direct combinatorics consider- 

^There exist bulk higher form gauge fields with negative intrinsic parity in string/M theory. For these fields, 
more refined arguments are needed. 
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ation, one can show that 

^Fj{A-')jjFj 

and 



2{p' + l)\ 
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(15) 



det Aij = {-g)T-iiP+^) = [-g)¥aid-2p-2) ^ f (p'-d/2) 

using Qzz = 1 and g^^ = 0. We observe that ( [T5| ) is the standard kinetic term for the p'-form 
gauge field. We use the classical approximation for the path integral over the metric by inserting 
the background metric ([1]) into the path integral (p^. For the metric of the type det 9 = 1, the 
measure part of ([T^) can be rewritten as 



n [det Au{x)r\{VF,{X) 



n n^^p mv' -di2)\z\]vF,{x) 

LX>0 / 



(17) 



The path integral over the VA^p^ in ([TT|), due to the F^Fj term in ([T4|), imposes the usual 
constraint dF = for the functional integral, which implies that only the field strength that 
can be written as F = dA^pi^ contributes to the path integral. The only difference between 
the conventional Hodge dual action in the flat space and the case in consideration is the extra 
2;-dependence in the path integral measure (1T7[). By writing, however, 



A 



exp[-2k{p'-d/2)\z\]A,,...,^,_^, 



we can transform the measure part (|T7[) into 



n [det Au{X)]-'llVFj{X) 

.X>0 I 



.X>0 I 



(18) 



(19) 



We note that dA^pn = automatically implies dAtpn = 0. Our main result is that (jTSI) is 



precisely the Kaluza- Klein ansatz appearing in (7) of Ref. [|5|] for the p-form gauge fields with 
p > d/2. 

In this note, we have shown that the higher form gauge fields that are Hodge dual to the 
gauge fields that can survive on the brane also survive on the brane. Restricting our attention 
only to 'fundamental' gauge fields that have the conventional Kaluza-Klein ansatz, however, 
the condition (|S|) still applies. It is amusing to note that the 'fundamental' higher form gauge 
fields do not live on the brane world, which happens to be the property of our world. 

Our analysis can be generalized in various directions. One can, for example, repeat the same 
type of analysis in the context of higher (transversal) dimensional warped compactifications, 
where the background metric is given by 

ds'^ = gMNdX^^dX^ = exp{-2kr)g^^{x^)dx''dx'' + dr"^ + ^^(r)^^^.! . (20) 



These background geometries are typically classified into two categories; the cigar geometries 
of constant radius, C(r) = Coo, and bottle-neck geometries of exponentially decreasing radius, 
C(r) = e"'^'" These two cases produce different classical action and different Jacobian 
factor in the path integral measure after taking Hodge duality. Comparing them and finding 
correct Kaluza- Klein ansatz should be an interesting issue Secondly, in view of the string- 
inspired model constructions, it is important to consider the bulk gauge fields with odd intrinsic 
parity. 
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